We explore optical activity in thin films and bulk of type-I and type-II Weyl semimetals (WSM), and demonstrate the existence of a giant Kerr effect in both. In time-reversal symmetry broken WSM thin films, the polarization rotation is caused by the optical Hall conductivity including the anomalous Hall term. The Kerr angle is found to be ∝ Q/ω, with Q and ω being the Weyl node separation and the optical frequency, respectively. In contrast, the optical activity in the bulk WSM is dominated by axion electrodynamics, which persists even in the Pauli blocked regime of no optical transitions. In bulk WSM, Q acts analogous to the magnetization in magnetic materials, leading to large 'polar Kerr effect' (linear in Q) when light is incident on WSM surface without Fermi arc states, and the 'Voigt effect' (quadratic in Q), when light is incident on surface with Fermi arc states.
I. INTRODUCTION
Weyl semimetals host even pairs of linearly dispersing massless quasi-particles of opposite chirality with novel Fermi-arc surface states [1] [2] [3] [4] [5] [6] [7] . Their existence has been recently demonstrated in several crystalline materials with broken time reversal or space-inversion symmetry. Some examples include, topological insulator material 8 [20] [21] [22] , and TaP [23] [24] [25] , among others. In contrast to their high energy counterparts, Weyl semimetals can also have Lorentz symmetry violating tilted energy spectrum. This allows their classification into a type-I (partially tilted) WSM with vanishing DOS at the Weyl point, and a type-II (overtilted) phase with a finite density of states at the Fermi energy and an electron and a hole pocket on either side of the Weyl point 3 . The type-II Weyl state has been experimentally demonstrated in noncentrosymmetric TaIrTe 4 26 , MoTe 2 13 , WTe 2 17 , and LaAlGe 27 , among other materials.
The Weyl nodes in a WSM act as a source or sink of the Berry curvature, which acts as a magnetic field in the momentum space [28] [29] [30] [31] . This finite Berry phase induces several very interesting electronic transport and optical phenomena, including the the anomalous quantum Hall (AQH) effect 28, . Another intriguing aspect of optical activity in WSM is its connection to axion electrodynamics 53, 54 , which modifies the Maxwell's equations. The combined effect of these has led to the prediction of several interesting effects in WSM interacting with light, such as giant polarisation rotation 46 , tunable perfect absorption 49 and creation of novel waveguide modes 50 , among others. Contact free optical techniques such as polarization rotation are also regularly used to explore time reversal symmetry breaking states in ferromagnets 55 , multiferroics 56 , superconductors 57 , and the AQH state in graphene 58 and topological insulators 59 . Here, we demonstrate the existence of giant polarization rotation in the electrodynamic response in tilted WSM with broken time reversal symmetry. Our results generalize the study of Ref. [46] to include the impact of the tilt in type-I and type-II WSM.
In WSM thin films, the giant Kerr rotation (GKR), polarization rotation in the reflected beam, originates from from the optical Hall conductivity including the AQH effect. We analytically calculate the full optical conductivity matrix σ ij (ω) for tilted type-I and type-II WSM and find that all the diagonal components σ ii ∝ ω, while the off-diagonal Hall term σ xy ∝ Q, where Q denotes the Weyl node separation (in the z-direction) and σ xz = σ yz = 0. For light incident on the WSM thin film surface without the Fermi arc states (perpendicular to the node separation), the Kerr angle Θ Kerr ∝ σ xy /σ xx ∝ Q/ω. For realistic material parameters, the Kerr angle is found to be of the order of 10 −1 radian for optical frequencies below 10 14 Hz. This is 'giant' compared to the usually observed values of 10 −6 − 10 −4 radians in topological insulators, magnetic and other materials 46, 55, 57, 58 . For light incident on the surface with Fermi arc states (parallel to the node separation), we find that Θ Kerr ∝ σ yz /σ zz = 0.
In bulk WSM large optical activity is predominantly caused by the axion electrodynamics induced changes in the Maxwell's equations. The effective dielectric constant of the modified Maxwell's equation can be expressed as ij = ij + ε ijk Q k × 2iα F c/(πω), where the second term establishes Q/ω to be the effective 'gyrotropy' constant, analogous to magnetization in magnetic systems. This axion induced gyrotropy is what leads to optical activity in bulk WSM, even in the Pauli blocked regime with forbidden optical transitions. For light incident parallel to the Weyl node spearation (on surface without Fermi arc states), only circular eigenmodes are allowed in the WSM, leading to large circular bifriengence and circular dichroism, along with that of giant Kerr effect which is odd in Q. For light incident on surface perpendicular to the Weyl node separation (on surface with Fermi arc states), there is large linear bifriengence and dichrosim, along with a polarization angle dependent giant Kerr effect which is an even function of Q.
This paper is organized as follows: In Sec. II we discuss the formalism for calculating optical conductivity for a generic two band model, based on the optical Bloch equation. In Sec. III, we obtain optical conductivity matrix for tilted type-I and type-II WSM, including the QAH contribution. In Sec. IV we discuss the electromagnetic response in thin films of tilted WSM, and demonstrate the existence of giant polarisation rotation. This is followed by a discussion of axion electrodynamics induced large optical activity in bulk WSM in Sec. V. Finally, we summarize our findings in Sec. VI.
II. LIGHT-MATTER INTERACTION IN WSM
The low energy properties of a generic two band system can be described using the following 2 × 2 Hamiltonian,
Here, h k = (h 0k , h 1k , h 2k , h 3k ) is a vector composed of real scalar functions of k, and σ = (1 1 2 , σ x , σ y , σ z ) is a vector composed of the identity and the three 2 × 2 Pauli matrices. The interaction with an electro-magnetic field is modelled using the dipole approximation,Ĥ =Ĥ 0 + eE·r. Here e is the electronic charge, and E is the electric field. Now, physical observables can be calculated using the optical Bloch equation for the dynamics of the density matrix 60, 61 . The corresponding inter-band contribution to the current (for a given k) in the linear response regime is given by,
is the equilibrium population difference between the conduction and the valance band and
* is the optical matrix element responsible for vertical transition between valence and conduction band. The transition energy is denoted by ω k = ε c k − ε v k and γ is the phenomenological damping term for the interband coherence (off-diagonal elements of the density matrix). The interband optical conductivity obtained from Eq. (2) in the limiting case of γ → 0, is equivalent to the Kubo formula for a two band system. It is given by
with ⊗ denoting the outer product of the optical matrix element vectors. Now let us consider a simple continuum model of a WSM with a pair of oppositely tilted Weyl nodes, with chirality ξ = ±1 located in the Brilluoin zone at k = {0, 0, ∓Q}. The low energy Hamiltonian of a Weyl node [62] [63] [64] [65] of chirality ξ can be expressed in the form of Eq. (1), with the following mapping:
where k ξ z = k z + ξQ. Here, v t is the tilt velocity of the ξ = +1, Weyl node and v F is the Fermi velocity. The degree of tilt of the Weyl nodes is characterized by α t = v t /v F , with |α t | < 1 being a type-I Weyl node, and |α t | > 1 being a type-II Weyl node. Eigenvalues of Eq. (4) are given by ε λ k = ξv t k ξ z + λ v F k ξ , where λ = 1 (−1) denotes the conduction (valance) band. Here, we have defined
Here, we have definedk
1/2 . Note thatM vc k does not depend on the tilt velocity v t at all.
We now calculate the optical conductivity matrix of the tilted type-I and type-II WSM, in the next section. These will be used to calculate the polarization rotation (Kerr angle and ellipticity) of a linearly polarized optical beam reflected from WSM thin films, and from bulk WSM. In both cases, the polarization rotation (Φ) and the ellipticity angle (Ψ) can be expressed in terms of a complex dimensionless quantity (χ) via the relation 66 ,
In the limiting case of |χ| 1, Eq. (6), can be simplified as Φ ≈ Re[χ], and Ψ ≈ Im [χ] . However unlike the case of magnetic materials 67 where |χ| 1, for the case of WSM we find that in general |χ| ∼ 1, and the exact Eq. (6) has to be used.
III. OPTICAL CONDUCTIVITY MATRIX OF TYPE-I AND TYPE-II WSM
Calculating the optical conductivity of the tilted type-I and type-II WSM described by Eq. (4), we find that σ xx = σ yy , σ xy = −σ yx and the remaining off-diagonal elements of the conductivity matrix are zero, σ xz = σ yz = σ zx = σ zy = 0. The vertical transitions responsible for the optical conductivities of type-I and type-II WSM, are shown in Fig. 1(a) , and (b), respectively. For simplicity, we will work in the zero temperature regime where the Fermi function can be replaced by the corresponding Heaviside step function. 
A. σxx(Ω)
The real part of the longitudinal conductivity σ xx has been calculated in Ref. [68] , and our calculations (detailed in appendix A) based on Eq. (3) reproduce their results. To start with, we calculate the real and imaginary part separately by using the Dirac identity on Eq. (3). For a type-I WSM hosting a pair of oppositely tilted Weyl nodes with |α t | < 1, we obtain
Here we have defined a conductivity scale set by the optical frequency: σ ω = e 2 ω/(6hv F ). The photon energy bounds are ω l = 2µ/(1 + |α t |), ω u = 2µ/(1 − |α t |), and
Basically, in region I for ω < ω l , the phase space for vertical transitions is Pauli blocked, as shown in Fig. 1 . For region II, ω ∈ (ω l , ω u ), the Pauli blocking gets removed with increasing energy resulting in finite vertical transitions and finite Re[σ xx (ω)]. In the α t → 0 limit we have ω l → ω u = 2µ/ , and we have Re[σ xx (Ω)] = σ ω for ω ≥ 2µ. In the other limit α t → 1, we have ω u → ∞ with the region II extending to higher energies.
For the type-II Weyl node with |α t | > 1, we obtain
Here we have defined ω u = 2µ/(|α t | − 1), and
The imaginary part of the longitudinal optical conductivity σ xx (ω), for a type-I WSM, for |α t | < 1 is calculated to be
Here ω c ≡ v F k c is the ultra-violet cutoff frequency (see appendix A for details). For a type-II WSM, with |α t | > 1, we obtain
In Eqs. (11)- (12), we have defined the following functions:
In the limiting case of α t → 0, Eq. (11) reduces to
In the intrinsic limit of µ → 0, we obtain
Of these, the type-I result is independent of the tilt, and has been derived earlier in Refs. [46 and 48] .
The real, and the imaginary part of σ xx (ω) is shown in Fig. 1 (c) and (d). The tilt forces only selective region of the momentum space to be available for vertical transitions in region II, leading to a discontinuity in the optical response at the onset of region III.
B. σzz(ω)
We calculate calculate σ zz (ω) in a similar manner (see appendix A for details of the calculation). For the case of type-I WSM with |α t | < 1, the real part is given by
Here, we have defined
For the type-II WSM, with |α t | > 1, we obtain 68 ,
The imaginary part of σ zz , for a type-I WSM is calculated to be
For a type-II WSM with |α t | > 1, we obtain
The real and the imaginary parts of σ zz (ω) are displayed in panels (e) and (f) of Fig. 1 . We recall that region I is completely Pauli blocked while region II is partially Pauli blocked for vertical optical transitions.
C. σxy(ω)
A finite transverse optical conductivity σ xy (ω) generally originates from the breaking of the time-reversal symmetry. In the case of TRS broken WSM, this manifests in the separation (in momentum space) of the two Weyl nodes of opposite chirality. Thus the energy scale of the transverse optical response is dictated by the internode separation, Q = v F Q.
The imaginary part of the dynamical transverse optical conductivity has already been calculated in Ref. [63] , and our calculations (see appendix B for details) repro- duce their results. For a type-I WSM hosting a pair of oppositely tilted Weyl nodes with |α t | < 1, we obtain
Here we have defined
For a type-II WSM with a pair of oppositely tilted Dirac nodes with |α t | > 1, we derive
The real part of σ xy (ω) can now be obtained by using Kramers Kronig relations on Im[σ xy (ω)]. In general we find that Re[σ xy (ω)] = Re[σ 
Here we have defined a chemical potential based conductivity scale σ µ = e 2 µ/(h 2 v F ) and a node separation based conductivity scale σ Q = e 2 Q/(πh). A similar calculation for the type-II WSM for the anomalous Hall component, leads to
The AC component for a tilted type-I WSM is given by
The corresponding AC component for a type-II WSM with a pair of oppositely tilted WSM nodes is given by
The first term anomalous Hall conductivity in Eqs. (28) and (29) is ∝ σ Q and it denotes the 'intrinsic contribution' which survives even if µ → 0. All other terms in the DC as well as the AC component of the off-diagonal conductivity (∝ σ µ ) are 'extrinsic contributions' which vanish in the limit µ → 0. The real and the imaginary part of σ xy (ω) for a type-I WSM is shown in Fig. 2 , as a function of the optical frequency. The presence of the QAH contribution in the real part of σ xy is evident. The imaginary part of σ xy in Fig. 2 , reverses sign on changing the tilt orientation (α t → −α t ). Similar behaviour is also observed in the corresponding plots for type-II WSM (not shown here). The tilt dependence of σ xy (ω) is highlighted in Fig. 3 . In Fig. 3(a) , the dominant contribution comes from the AQH part and consequently the curves for different frequencies are very close to each other. The intrinsic part of the QAH conductivity (∝ σ Q ) in turn dominates in type-I WSM, while in type-II WSM the α t dependent extrinsic part of the QAH (∝ σ µ ) also contributes equally.
Having obtained the full conductivity matrix, we now discuss the polarization rotation of a reflected beam in tilted type-I and type-II WSM, starting with the case of thin films in the next section. The finite off-diagonal components of the conductivity matrix (σ xy ) will play an important role in the polarization rotation of the reflected (and transmitted) light and the corresponding ellipticity angle in WSM thin films.
IV. KERR ROTATION IN THIN FILMS OF WSM
In this section, we consider an ultra-thin film of Weyl semimetal such that the thickness of the film (d) is much larger than the atomic separation (a) while being smaller than the wavelength (λ) of light, i.e., a d λ. In these conditions the WSM film can be treated as a 2D surface, as far as its interaction with light is concerned. Thus the polarization angle rotation can be obtained simply by matching the electromagnetic boundary conditions on the either sides of the thin film.
The polarization angle Φ Kerr , and the azimuth of the major axes of the polarization ellipse Ψ Kerr (ellipticity angle) of the reflected beam, are given by Eq. (6) . We need to distinguish between the two cases of the incident beam being s (polarization to the plane of incidence) or p (polarization ⊥ to the plane of incidence) polarized. For the case of a reflected beam, the corresponding dimensionless complex quantities (χ of Eq. (6) , and χ
where r ij with (i, j) ∈ (s, p), are the corresponding reflection coefficients 66 . For thin films (d λ), these reflection coefficients in turn, depend on the surface conductivity matrix. In the case of a WSM, the surface conductivity matrix depends on the incident surface. For example, in a time-reversal symmetry broken WSM, the surface conductivity has finite off diagonal terms for the surface without Fermi arc states (surfaces ⊥ Q) while it is diagonal for the surface hosting Fermi arcs states (surfaces Q). We consider these two cases separately in the following subsections.
A. Incidence on surface without Fermi arcs states (⊥ Q)
Let us start with the case where the linearly polarized incident beam propagates (say in directionn) parallel to Q. In this case, bothn and Q are in z direction and the electric polarization is in the x − y plane, and thus the transverse conductivity σ xy will come into play.
Lets assume that the interface of air and WSM thin film is located at the z = 0 plane. The wave-vectors for initial, reflected and transmitted beam are,
Similarly the components of electric field E are,
The magnetic field B components can be simply obtained via B = (n/c)k × E, with n denoting the refractive index of the medium. The fields on the two sides of the WSM thin film, are connected by the Maxwell's boundary condition:
where
and J is the surface current density generated by the incident electric field. The surface current density can be expressed in terms of the surface conductivity matrix,
The surface conductivity for a thin film of thickness d can be approximated as σ s ij = d σ ij , with σ ij denoting the bulk conductivity 46 .
In
Using this in Eq. (33), we obtain the reflection coefficients to be,
(38) Here, we have defined σ
Clearly, the reflectivity coefficients that rotate the incoming polarization, r sp and r ps , are proportional to the optical Hall conductivity and they vanish in the limit of σ s xy → 0. In our case we find that σ s xy = −σ s yx and thus r sp = −r ps . Furthermore for normal incidence we have θ i = θ t = 0 and thus σ 1 = σ 2 and r ss = r pp . As a consequence, for the case of normal incidence, we have Φ s = Φ p 69 . As a consistency check, we note that for an isotropic WSM without any tilt, and for the case of normal incidence (θ i = θ t = 0), we recover the results of Ref. [46] . For the case of normal incidence, using Eq. (35)- (38), in Eq. (32), we obtain
This establishes that χ p Kerr ∝ Q, to lowest order in Q, as σ xy ∝ Q, and σ xx is independent of Q. The polarization rotation is primarily determined by the ratio of σ xy /σ xx , and we get giant polarization rotation for σ xy /σ xx ≈ 1, or alternately σ Q /σ ω = 6Qv F /(πω) ≈ 1. In a typical WSM, we have Q ≈ 10 The dependence of the Kerr angle of rotation for normal incidence on a free standing tilted WSM thin film (n i = n t ≈ 1 and θ i = θ t ), is shown in Fig. 4 . As opposed to the typical values of micro-radians in Ferromagnetic systems and topological insulators, in WSM the GKR can be of the order of a radian for reasonable choice of parameters. Furthermore, two distinct kinks in the GKR should be observable on scanning the optical frequencies (or the chemical potential/doping) across the Pauli blocking of region I and region II in tilted WSM. A similar behaviour will also be seen in the ellipticity angle measurement (not shown here). In this scenario, light propagates (n) perpendicular to the z axis, and the polarization of the incident electric field is in the y − z (or x − z) plane. Consequently, the polarization rotating off diagonal reflection coefficients are r sp ∝ σ zy = 0 or r sp ∝ σ zx = 0 .
Consequently, in this case there is no polarization rotation. This offers an optical probe to distinguish the surfaces of a WSM which host Fermi-arc surface states.
V. KERR ROTATION IN SEMI-INFINITE WSM
Having explored the polarization rotation in thin films of WSM, we now focus on the polarization rotation due to a semi-infinite slab of WSM. In the bulk of a WSM, the Maxwell's equations are themselves modified by the presence of an axionic term 46, 53, 54 . This axionic term in turn, has imprortant consequences in the polarization rotation of the reflected light 46 . It also results in the topological magnetoelectric effect (TME) 71 which has been recently studied in topological insulators and WSM. As opposed to the case of topological insulators, where the axion field is a constant, the axion field in WSM has a nontrivial dependence on space and time owing to the breaking of time reversal and inversion symmetries.
The axionic term is added to the lagrangian of the electromagnetic field 53 via the following term, δL = c 0 α F ϑE · B/π, with α F being the fine structure constant, and ϑ the axionic field. In a WSM, we have ϑ(r, t) = 2Q · r − 2Q 0 t, with Q 0 (Q) denoting the separation of the two Weyl nodes in the energy (momentum) space. For a WSM with inversion symmetry we have, Q 0 = 0. In materials exhibiting the axionic response, the electric polarization and magnetisation have additional contributions arising from the topological terms 22, 53 ,
Here is the dielectric matrix and µ p is the permeability. Accordingly, the Maxwell's equation for the electric field propagation in a WSM is modified to be,
(43) Here we have assumed the relative permeability (µ p /µ p0 ) to be unity, and b is the static relative permittivity arising from the bound charge polarization. See Appendix C for details of the derivation of Eq. (43) . For the case of bulk WSM, with d λ, the last term in Eq. (43) plays an important role in obtaining the Fresnel coefficients. Again, we need to distinguish between the two cases when the light is incident on the surface hosting Fermi arc surface states (n ⊥ Q) and on a surface without the Fermi arc states (n Q). We show that these two cases, qualitatively correspond to the Faraday and Voigt geometries discussed in the context of magnetooptic effects in magnetic systems such as (Ga,Mn)As.
55
In a time reversal symmetry broken WSM, Q acts analogous to magnetization in a ferromagnet, whose relative orientation with respect ton, results in different effects described below.
A. Incidence on surface without Fermi arc states
Let us consider a normal incidence of light on a surface without Fermi arcs, i.e.,n Q = Qẑ. In this case we have Q · B = 0, and consequently the axion charge density, ρ ϑ = −2α F c 0 Q · B/π = 0 (see Eq. (C3) in appendix C for details). Here, Q plays the role of effective magnetization, and light propagates parallel to it. This setting is similar to that of 'Faraday geometry', which results in the magneto-optic polar Kerr effect in magnetic materials 72 . The propagation of light inside the WSM along thê z direction can be obtained from Eq. (43), as detailed in Appendix C. It is described by the following matrix equation,
Here, n denotes the complex refractive index, and ij is the complex dielectric function including the axion terms. The elements of ij are readily expressed in terms of the optical conductivities and the internode separation as 46, 73 , yy = xx , where
The off-diagonal element of xy is what typically leads to optical activity, and it is given by,
Here, α F is the fine structure constant, and σ ij are the complex optical conductivities. Interestingly, Eq. (46) comprises of two terms, one resulting from finite transverse conductivity, and the other owes its origin solely to the axionic term and modified dynamics of the electromagnetic waves. This 'gyrotropic' term is not present in the conventional definition of the dielectric constant in metals: ij (ω) = δ ij b + iσ ij (ω)/ 0 ω. The dielectric constant can also be expressed as ij = ij + ε ijk Q k × 2iα F c/(πω), where ε ijk is the anti-symmetric Levi-Civita tensor, and Q k denotes the k'th component of the Weyl node separation vector Q (= Qẑ). Thus, the gyrotropic constant in WSM ∝ Q/ω, making its optical response analogous in spirit to that of magnetic materials. The real and the imaginary part of the different components of the modified dielectric tensor are shown in Fig. 5 . The axionic term in Im( xy ) ∝ Q/ω makes it diverge in the low frequency regime. This will lead to anomalous optical activity even in the low frequency, Pauli blocked regime. Notice that in Fig. 5 
Here, n + and n − are refractive indices of the left and right circularly polarised eigenmodes in the WSM. This becomes immediately clear on substituting the two solutions obtained in Eq. (47) in (C11), which yield E x = ±iE y . The real (imaginary) part of the difference, δn = n + − n − , leads to circular birefringence (circular dichroism). A finite δn solely arises from the xy ∝ Q term (as σ xy ∝ Q), has both real and imaginary terms, and it vanishes in the Q → 0 limit. Now the Fresnel reflection coefficient corresponding to these modes can be obtained via the well known relation,
Here, the dimensionless constant χ PKE is defined as As opposed to the thin film WSM geometry, where the polarization rotation solely arises due to a finite σ xy , in bulk WSM, the axion term appearing in xy also plays an important role. Similar to the magneto-optic polar Kerr effect which is odd in the magnetization 72 , the polarization rotation here also is an odd function of Q. This can be seen from the exact Eq. (49), where the numerator is an odd function of Q and the denominator is an even function of Q. Furthermore, this can also be seen from the limiting case of | xy | | xx |, for which Eq. (49), reduces to
The exact polarization rotation (Θ PKE ) and ellipticity angle (Ψ PKE ) can be obtained by using Eq. (49) in Eq. (6) . The real and imaginary part of χ PKE , and the resulting angles are shown in Fig. 6 . We emphasize that 1) the optical activity is predominantly caused by the axion term, and 2) it persists even in the Pauli blocked frequency regime with no optical transitions. 
B. Incidence on surface with Fermi arc states
As we have fixed the momentum space separation of the two Weyl nodes to be in the z-direction, the Fermiarc surface states appear on the surfaces parallel to the x − z or the y − z plane. For definite-ness we consider the light propagating in the x-direction, and incident on the surface parallel y − z plane. Thus we haven =x and n ⊥ Q (recall that Q = Qẑ). This setting is similar to that of the 'Voigt' geometry for polarization rotation in magnetic materials.
In this case, for wave propagation in thex direction, Eq. (43) leads to (see Appendix C 2 for details of the calculation),
Here the effective dielectric constants have been defined in Eqs. (45)- (46) . Similar to the case of Eq. (44), Eq. (51) also permits two solutions for specific values of the refractive index,
which defines two linearly polarised modes: one travelling parallel to Q, and another in the plane perpendicular to Q. Note that n 2 ⊥ is an even function of Q (of the form a + bQ 2 , where both a and b are complex), while n 2 is 'almost' independent of Q. Consequently, n ⊥ is an even function of Q. The real (imaginary) part of the difference, δn = n − n ⊥ leads to linear birefringence (linear dichroism). The electric field corresponding to these modes is given by, E = E 0ẑ e iω(t∓n x/c) and, E ⊥ = E 0 ŷ +x xy / xx e iω(t∓n ⊥ x/c) , E 0 being the electric field amplitude. Analogous to the propagation of light in a 'Voigt' geometry in a magnetic material, here also an electric field component parallel to the propagation direction (E x ∝ xy ) is also allowed. Now let us consider the reflection of a linearly polarized optical beam from the infinte WSM slab. For an arbitrary incident polarization making an angle Θ 0 with respect to Q, the electric field can be decomposed as
Thus, the initial polarization angle with respect to Q can be expressed as Θ 0 = tan −1 (E ⊥ /E ). The beam becomes elliptically polarized on reflection with from the WSM slab. The corresponding χ Voigt which determines the ellipticity and polarization angle, is given by
Here r and r ⊥ are the Fresnel reflection coefficients for the parallel and perpendicular components, respectively. These are given by
As n ⊥ is an even function of Q, r ⊥ is also an even function of Q, while r is 'almost' independent of Q. Consequently χ Voigt , and the resulting polarization rotation are also even function of Q. This quadratic in Q polarization rotation in WSM is analogous to the 'Voigt effect', which is also termed as the quadratic polar Kerr effect, or magnetic linear dichroism. The polarization (Θ Voigt ) and ellipticity (Ψ Voigt ) angle of the reflected beam are easily calculated by substituting χ Voigt in Eq. (6) . For the case of Θ 0 = 0 or π, i.e. the incident polarization aligned along Q, we have χ Voigt = 0, and there is no polarization rotation. The reflected beam only suffers a phase change. For the general case, the relative polarization rotation angle δ Voigt = Θ Voigt − Θ 0 can now calculated via the relation,
For the limiting case of Θ 0 = π/4, Eq. (56) reduces to δ Voigt = π/2 + 2Θ Voigt . In another limiting case of r ⊥ /r being real (as in the case of magnetic systems 67 ), we obtain, tan(Θ Voigt ) = r ⊥ tan(Θ 0 )/r , and Eq. (56) reduces to the known result
Furthermore if r /r ⊥ ≈ 1, Eq. (57) reduces to δ Voigt ≈ 0.5(r ⊥ /r − 1) sin(2Θ). Figure 7 , shows the dependence of the real and imaginary parts of χ Voigt , along with Θ Voigt and Ψ Voigt , as a function of the optical frequency. Notice the existence of finite Θ Voigt even in the Pauli blocked regime. However in contrast to the Faraday geometry, here the ellipticity angle vanishes in the Pauli blocked regime.
VI. SUMMARY
In this paper, we demonstrate the existence of giant Kerr effect in tilted WSM, which arises from the time reversal symmetry breaking in WSM thin films, and from axion electro-dynamics in bulk WSM. The time-reversal symmetry breaking in a WSM is captured by the Weyl node separation (Q) which explicitly determines the optical Hall conductivity (σ xy ∝ Q). The tilting of the Weyl nodes also plays a significant role in σ xy , particularly in a type-II WSM. The existence of a finite σ xy in WSM is what leads to giant Kerr effect in the thin-film geometry of tilted WSM, as long as we are away from the Pauli blocked regime. In contrast to this, in bulk WSM, axion elctrodynamics plays an important role giving rise to optical activity and giant Kerr rotation even in the Pauli blocked low frequency regime ( ω < 2µ in untilted WSM).
In the case of WSM thin films (with thickness less than wavelength of light, d λ), we find that the reflection and transmission coefficients are determined completely by the optical conductivity matrix. The optical Hall conductivity is finite only for surfaces perpendicular to Q, and it plays an an important role in producing the giant Kerr effect when light is incident on WSM surfaces without Fermi arc states. We explicitly show that the polarization rotation in tilted WSM thin films Θ Kerr ∝ σ xy /σ xx ∝ v F Q/ω. This yields giant Kerr rotation for light incident parallel to Q with ω ≈ 10 14 rad/s or less (frequencies in the optical range and below), as long as we are not in the Pauli blocked regime for optical transitions.
In bulk WSM with broken time-reversal symmetry, we show that axion electrodynamics also plays an important role in the optical activity. This leads to giant Kerr effect even in the Pauli blocked regime for both type-I and type-II WSM. The effective dielectric constant including the axion term, can be expressed as ij = ij +ε ijk Q k ×2iα F c/(πω) (see Sec. V A for details), where the second term establishes Q/ω to be the effective 'gyrotropy' constant, analogous to magnetization in magnetic systems. The case of normal incidence on surface without Fermi arc states is then identical to that of Faraday geometry with light propagating parallel to the node separation. Here, we show the existence of large circular bifriengence and circular dichroism, along with that of giant Kerr effect which is odd in Q. The case of normal incidence on surface with Fermi-arc states turns out to be identical to that of Voigt geometry in magnetic systems. This leads to large linear bifriengence and dichrosim, along with a polarization angle dependent giant Kerr effect which is an even function of Q. In both cases, the axion term leads to significant optical activity and giant polarization rotation, even in the Pauli blocked regime.
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Appendix A: Longitudinal optical conductivity
The Longitudinal optical conductivity can be obtained from Eq. (3), after converting the momentum sum into an integral,
(A1) Here we have defined the kernel
(A2) The equilibrium population inversion (at T = 0) is given by n
and ω k = 2 v F k is the energy difference between the conduction and the valance band, which is independent of the tilt velocity. Here k = k 2 ⊥ + (k ξ z ) 2 . The real and the imaginary part can be separated in the limit γ → 0, using the Dirac identity
Here P denotes the principal value. We find that the longitudinal optical conductivity of time reversal broken Weyl semimetal is the sum of the optical conductivities of the two Weyl nodes. Thus we just calculate the conductivity of the ξ = 1 node and multiply it by two. Thus allows us to substitute k ξ z → k z and ξv t → v t in the expressions below.
Re[σxx(ω)]
Thus, the real part of longitudinal optical conductivity is given by,
Here, only the optical matrix is dependent on φ k , and the angular integration leads to
Thus we obtain
Now, the integration for k ⊥ can easily be carried using the roots (x i ) of the argument in the Dirac delta function:
Substituting the roots in the delta function leads to a much simpler one-dimensional integral,
Equation (A8) can be expressed in a dimensionless form:
and
where we have defined Θ ± = Θ 2µ ω − α t x ± 1 , and x = 2v F k z /ω. Evaluating the integral in Eq. (A10) for the two case of |α t | < 1 and |α t | > 1 leads to Eq. (7), and Eq. (9), of the main text, respectively.
Re[σzz(ω)]
Following the same procedure as above, the angular integration leads to
Thus the longitudinal optical conductivity in this case is given by,
Performing the k ⊥ integral using the roots of the δ-function, we have
Equation (A13) can be expressed in a dimensionless form as
where we have defined
and Θ ± are defined below Eq. (A10 Once the real parts are obtained and they converge to a constant as ω → ∞, the imaginary parts are computed using Kramers-Kroing relation for the imaginary part of the optical conductivity,
Note that since the low energy Weyl Hamiltonian has an infinite bandwith, with an infinite filled sea of quasiparticles even in the ground state, we are forced to use an upper frequency cutoff ( ω c = v F k c ) for the integral. This cutoff was not needed in the calculation of the real part of the longitudinal conductivity due to the presence of the delta function.
Appendix B: Transverse optical conductivity
The transverse optical Hall conductivity is given by,
where the conductivity kernel is given by
Writing in terms of real and imaginary parts of M vc , we have
(B3) Here ω + = ω + iγ. As in the previous cases, performing the angular integral over the φ k dependent optical matrix elements yields,
Again, the real and imaginary parts can now be evaluated separately in the limit γ → 0 using the Dirac identity. Before proceeding, we note that Eq. (B3) differs in form from Eq. (A5) by a factor of i. As a consequence now δ-functions appear in Im[σ xy (ω)]. In contrast to the longitudinal conductivity, for the transverse case, the two nodes have to be treated together and the inter-node separation becomes important.
Im[σxy]
Using the Dirac identity in Eq. (A3), the imaginary part of σ xy (ω) can be expressed as
(B5) Performing the k ⊥ integral, using the δ-function lead to the following one dimensional integral,
Equation (B6) can be expressed as
(B8) Solving Eq. (B8) leads to Eq. (25) [Eq. (27) ] for the cases of |α t | < 1 (|α t | > 1).
Re[σxy]
Having obtained the imaginary part of the transverse conductivity, its real part can be obtained from the Kramers-Kronig relation for conductivity, (B11) It turns out that Eq. (B11) has an intrinsic contribution (finite for µ → 0) and an extrinsic contribution (which vanishes in the µ → 0 limit). To evaluate them it is useful to express the population inversion as a sum of extrinsic (in square brackets) and intrinsic contribution (independent of µ), n eq k = [Θ(µ− v F k ξ − ξv t k ξ z )−Θ(µ+ v F k ξ − ξv t k ξ z ) + 1] − 1. Evaluating these two terms separately, we obtain the intrinsic contribution ∝ σ Q , and the extrinsic contribution ∝ σ µ . Their explicit expressions for the two cases of |α t | < 1 and |α t | > 1 are presented in Eq. (28), and Eq. (29), respectively. additional topological contributions to the electric polarization and magnetization 53 ,
where is the dielectric tensor, and µ p is the permeability. The Maxwell's field equations with sources, are thus modified as:
∇ · E + c 0 α F ϑB/π = ρ ⇒ ∇ · ( E) = (ρ + ρ ϑ ) .
(C3) where ρ ϑ = −c 0 α F ∇ϑ.B/(π) is the axion charge density. From Eq. C2, we have, ∇ × (B/µ p − c 0 α F ϑE/π) = J + ∂ ∂t ( E + c 0 α F ϑB/π),
Here, J ϑ = α F c 0 µ p (θB + ∇ϑ × E)/π is the axion field dependent current density. The other two source-less Maxwell's equations, remain unchanged as:
In a WSM, the axion field can be expressed in terms of internodal seperation in the momentum (Q) and energy (Q 0 ) space, ϑ(r, t) = 2Q · r − 2Q 0 t. For a WSM which preserves the inversion symmetry, we have Q 0 = 0, and thus ∇ϑ = Q andθ = 0. Now eliminating B from Eq. (C4) using the other modified Maxwell equations and using J = σ·E, we obtain the wave propagation equation in a time-reversal symmetry broken WSM,
(C7) Using Eq. (C7), we now explore the wave propagation in the two geometries with n Q ("Faraday" geometry) and n ⊥ Q ("Voigt" geometry) in the next two subsections.
The "Faraday" geometry
For an electric field E = E o e i(k.r−ωt) , with amplitude E o , propagating in theẑ direction(k = kẑ), the LHS of equation (43) 
The RHS of equation (43) results in, 
Here I denotes the identity matrix. Thus, the effective dielectric tensor inside the WSM becomes:
where the diagonal components are given by:
and the off-diagonal elements responsible for optical activity are given by:
2. The "Voigt" geometry
In this case, the electric field propagates in thex direction (k = kx).
Since the RHS of the wave equation contains only time derivatives, the terms in the RHS remain unchanged, and is given by equation (C9) in this geometry too.
The LHS of the wave equation, containing spatial derivatives modifies for this geometry as:
with the second term ∇(∇ · E) = 0 in this case too. For this geometry, equations (C10) and (C11) are modified to be 
Here, the elements of the modified dielectric tensor are given by equations (C12) and (C13).
